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ABSTRACT: We have performed a Monte Carlo study of dimensions and intrinsic viscosities for isolated 
three-dimensional cyclic chains of different lengths in solution. These chains are modeled as  a number 
of Gaussian units interacting through a 6-12 Lennard-Jones potential. The reduced energy in the 
potential well represents the thermodynamic quality of solvent (or the reduced inverse temperature). 
From this study, the 0 state for this model has  been characterized. Then, transition curves and scaling 
plots have been obtained. Using extrapolations to the long chain limit, different conformational parameters 
have been estimated and compared with existing experimental data. 

Introduction 
Cyclic polymers are systems of great theoretical 

interest. The preparation of synthetic ring polymers has 
made possible experimental investigations on the con- 
formational properties of these molecules in dilute 

In order to  interpret the data, one of the 
most fundamental areas of study has been the deter- 
mination of the theta (0) state, i.e., the solvent condi- 
tions for which the binary interactions between chain 
units cancel out. Experimental data of intermolecular 
second virial coefficients for different ring polymer- 
solvent  system^^-^ have shown a depression in the 0 
temperature of about 4-6 "C with respect to those 
corresponding to linear chains. Hence, this coefficient 
is positive at the 0 temperature of the linear polymer. 
However, different theoretical studies have pointed 
O U ~ ~ , ~  that a intermolecular repulsion between rings is 
expected in 0 solvents, due to the particular topological 
features of the rings. Therefore, it seems that, in 
contrast t o  linear chains, the 0 conditions cannot be 
characterized as those for which the second virial 
coefficient vanishes. Thus, the 0 point should be 
determined by the quasi-ideal behavior of conforma- 
tional properties. 

In the present work, we report a numerical study 
(Monte Carlo simulation) determining the 0 point for 
three-dimensional ring chains described by an off-lattice 
m ~ d e l . ~ J ~  Since a similar study has also been performed 
with the same model for linear chains,ll it is interesting 
to analyze whether the ring topology alters the 0 
conditions. Moreover, the determination of dimensions 
for other solvent conditions (excluded volume and sub- 
@, or collapse, regimes) allows us t o  plot transition 
curves. As we already know values of the properties 
for the homologous linear chains, ratios between ring 
and linear conformational properties are obtained in 
different solvent regimes; these ratios can be directly 

@ Abstract published in Advance ACS Abstracts, February 15, 
1995. 
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compared with experimental data. Although the de- 
termination of the 0 point is mainly based on the study 
of dimensions, we also obtain the intrinsic viscosity from 
a Monte Carlo average which provides a lower bound 
of this quantity,12J3 free of the customary preaverage 
of hydrodynamic interactions. 

Model, Monte Carlo Methods, and Averages 
The model employed in this work was fully described 

and justified p r e v i o ~ s l y . ~ , ~ ~  We consider N Gaussian 
units of root-mean quadratic length b (b  is also the 
length unit in our calculations). Nonneighboring units 
interact through a 6-  12 Lennard-Jones potential. The 
reduced distance at which the potential energy vanishes, 
alb, is set to the value alb = 0.8, which is chosen 
according to  our experience in previous work with this 
m ~ d e l . ~ J ~  Then, the reduced energy in the well-depth 
of the potential, cIkBT, is the relevant parameter which 
determines the solvent conditions and can also be 
considered as a reduced inverse temperature. 

The Monte Carlo methods employed in the present 
work are based upon the algorithms previously detailed 
for linear chains,14 although we have introduced some 
particular features in order to deal with the ring 
architecture. First, we generate a closed nonoverlap- 
ping conformation on a diamond lattice. New confor- 
mations are generated from this starting state according 
to different algorithms depending on the solvent condi- 
tions we want to mimic: 

(a) We randomly choose two chain units, i and j ,  and 
calculate the components of bond vectors vi and Vj+l 
which connect these units to the longest part of the 
cyclic chain (see Figure 1). Then, we resample the 
components of both vi and vj+l from a Gaussian distri- 
bution with mean equal to  zero and square deviation 
b2/3, but keeping the same position vectors for units i 
- 1 and j + 1, R-1 and Rj+l. Consequently 

R,-lj+l = R,-1 - RL-1 

0 1995 American Chemical Society 
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Table 1. Monte Carlo Results for Dimensions of Ring 
Chains of Different Lengths in Different Solvent 

Conditions 

Figure 1. Notation for units and bond vectors along the ring 
chain. 

has to  be constant. Furthermore, we also maintain the 
difference vector between units i and j ;  Le., Rij is also 
fixed. We actually program this by keeping a constant 
sum vi + vj+l and resampling the components of vector 
vj+l - vi from a Gaussian distribution with mean equal 
to  zero and square deviations 2b2/3. This way we 
calculate vi and Vj+l and the new positions for units i 
and j .  Finally, the shorter part of the chain between i 
and j is connected to these new positions (the longer one 
remains unaltered). Therefore, we perform a resam- 
pling of two bond vectors, followed by a translation of 
the shorter part of the chain to connect again with the 
changed units. This algorithm is efficient for chains in 
the 0 region. For the excluded-volume regime (i.e., for 
lower values of dkgT so that the repulsive part of the 
potential is predominant) it is slightly more efficient t o  
introduce a rotation of the shortest part of the chain 
around the axis defined by Rij, prior to  its connection 
to the i and j units. This rotation is performed by an 
amount defined by the random angle 4. This latter 
procedure can be considered as a form of the pivot 
algorithm, known to be very efficient for the study of 
self-avoiding linear chains.15 

(b) For chains in the sub-@ temperature, Le., for high 
values of dkBT, we need to employ an algorithm with 
less drastic stochastic moves. Then, the new conforma- 
tions are generated by changing a single unit, randomly 
chosen in each Monte Carlo step. Then, we use the 
same procedure explained in a, but set i = j .  This single 
bead move for high dkBT is identical to the one we used 
for linear chains9J1J4 and, in fact, was the only one 
employed in previous simulations for rings with the 
present model, for all the different solvent regimes.1°J6 

The Metropolis criterion is used as a test for the 
acceptance or rejection of new conformations, according 
to  the total Lennard-Jones intramolecular energy. We 
have verified that the results for dimensions (mean 
quadratic radius of gyration, (S2)) obtained with two 
different sampling methods always overlap in the 
solvent regime intermediate between those for which 
these two methods are valid. 

The averages are determined from eight independent 
runs. Therefore, we can estimate statistical means and 
uncertainties in a very simple way. The number of 
conformations attempted in each independent run de- 
pends greatly on the sampling method and the value of 
dkBT. It varies from 40 000 (excluded-volume regime, 
pivot or translation algorithm) to 16 x lo6 (lower range 

0.10 8 0.964 i 0.007 
19 2.728 f 0.01 
25 3.675 f 0.005 
37 6.00 f 0.03 
49 8.36 f 0.09 
55 9.65 f 0.16 
64 11.4 f 0.3 
80 14.86 f 0.01 

100 19.30 f 0.02 
124 24.86 f 0.04 
150 31.01 f 0.07 

0.15 8 0.967 f 0.001 
19 2.665 i 0.002 
25 3.667 0.005 
37 5.77 f 0.01 
49 7.96 f 0.02 
55 9.04 f 0.04 
64 10.72 f 0.04 
80 13.96 f 0.03 

100 17.96 f 0.02 
124 23.01 i 0.05 
150 28.61 f 0.02 

0.20 8 0.9570 i 0.0007 
19 2.582 f 0.003 
25 3.506 f 0.006 
37 5.44 i 0.01 
49 7.43 f 0.03 
55 8.44 f 0.03 
64 9.90 f 0.04 
80 12.75 f 0.03 

100 16.28 f 0.04 
124 20.58 f 0.04 
150 25.16 f 0.07 

0.25 8 0.9448 i 0.0007 
19 2.478 f 0.002 
25 3.342 f 0.005 
37 5.08 f 0.02 
49 6.83 f 0.02 
55 7.66 f 0.04 
64 8.99 f 0.06 
80 11.25 f 0.06 

100 14.19 & 0.05 
124 17.40 f 0.09 
150 21.0 f 0.1 

0.30 8 0.9314 f 0.0007 
19 2.374 i 0.006 
25 3.153 i 0.009 
37 4.68 f 0.03 
49 6.11 f 0.04 
55 6.88 i 0.05 
64 7.88 & 0.06 
80 9.58 f 0.06 

100 11.57 i 0.06 
124 13.8 f 0.2 
150 16.1 i 0.1 

0.35 8 0.916 f 0.001 
19 2.265 f 0.004 
25 2.98 f 0.01 
37 4.21 f 0.02 
49 5.34 f 0.04 
55 5.96 f 0.04 
64 6.77 f 0.06 
80 7.66 f 0.07 

100 8.8 f 0.1 
124 9.9 i 0.2 
150 10.9 i 0.3 

0.40 8 0.8967 f 0.0005 
19 2.149 f 0.004 
25 2.75 & 0.01 
37 3.80 & 0.02 
49 4.63 f 0.04 
55 5.02 i 0.05 
64 5.45 f 0.08 
80 6.06 f 0.09 

100 6.52 f 0.07 
124 7.05 f 0.07 
150 7.81 f 0.09 

0.45 8 0.8760 f 0.0003 
19 2.046 f 0.002 
25 2.547 f 0.006 
37 3.40 i 0.02 
49 3.97 f 0.02 
55 4.12 i 0.02 
64 4.49 i 0.03 
80 4.74 i 0.03 

100 5.01 & 0.03 
124 5.66 f 0.03 
150 6.52 f 0.03 

0.50 8 0.85939 f 0.00006 
19 1.9383 i 0.0007 
25 2.367 f 0.005 
37 2.933 f 0.009 
49 3.32 f 0.02 
55 3.57 i 0.02 
64 3.62 f 0.02 
80 3.84 f 0.01 

100 4.34 f 0.02 
124 5.18 f 0.01 

0.55 8 0.8433 f 0.0003 
19 1.827 f 0.002 
25 2.190 f 0.002 
37 2.554 f 0.002 
49 2.81 * 0.01 
55 3.124 f 0.004 
64 3.09 i 0.01 
80 3.419 & 0.009 

100 3.947 f 0.002 
124 4.22 f 0.03 

0.60 8 0.8262 f 0.0002 
19 1.708 f 0.001 
25 2.008 f 0.002 
37 2.269 f 0.005 
49 2.489 f 0.004 
55 2.68 & 0.01 
64 2.740 f 0.009 
80 3.19 f 0.01 

100 3.47 f 0.03 

of the collapse region, single bead motion). We have 
tried to  maintain uncertainties of (S2) within the range 
1-2% of the mean value, for all the different cases. In 
each run, we disregard the first conformations of 
the total number of attempts) to allow for an adequate 
thermalization. The final results for dimensions are 
contained in Table 1. 
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Table 2. Lower Bound Monte Carlo Averages of the Reduced Intrinsic Viscosity, [q]* = [q]M/LbS (L is Avogadro’s 
Number), for Ring Chains of Different Lengths in Different Solvent Conditions 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

6.12 i 0.06 
29.7 f 0.4 
48.2 f 0.8 
99 f 1 

161 i 5 
200 i 7 
257 f 7 
364 f 3 
537 f 3 
783 f 5 

1102 f 5 
5.90 f 0.06 

27.9 f 0.1 
44.9 f 0.4 
87.8 f 0.5 

148 f 1 
178 f 2 
226 f 3 
337 f 2 
494 f 2 
714 f 3 

1000 f 1 
5.98 f 0.06 

27.1 f 0.2 
42.8 f 0.3 
85.2 f 0.9 

135 f 1 
165.2 f 0.6 
210 f 3 
311 f 3 
450 i 3 
638 f 4 
864 f 6 

5.87 f 0.04 
26.2 f 0.2 
41.2 f 0.3 
78.6 f 0.7 

144.2 f 0.7 
149 f 1 
192 f 3 
273 f 3 
380 f 4 
542 f 2 
720 f 3 

5.74 f 0.06 
25.1 f 0.1 
39.1 f 0.4 
71.8 i 0.6 

111 f 2 
138 f 2 
171 i 2 
233 f 2 
321 f 6 
438 f 4 
551 f 4 

5.64 f 0.05 
24.1 f 0.1 
37.0 f 0.3 
66.6 f 0.5 
98.2 f 0.6 

118 f 2 
142 f 3 
190 f 2 
248 i 4 
316 f 8 
408 f 2 

2.64 f 0.05 
2.70 f 0.05 
2.69 i 0.05 
2.75 f 0.05 
2.7 f 0.1 
2.7 f 0.2 
2.7 f 0.2 
2.60 f 0.02 
2.60 f 0.02 
2.59 f 0.02 
2.61 f 0.02 
2.54 f 0.03 
2.62 f 0.01 
2.62 k 0.02 
2.60 f 0.02 
2.67 f 0.03 
2.68 f 0.05 
2.64 f 0.05 
2.64 f 0.03 
2.65 f 0.01 
2.65 i 0.02 
2.68 i 0.01 
2.62 f 0.03 
2.67 i 0.02 
2.67 f 0.03 
2.75 f 0.04 
2.71 i 0.04 
2.76 f 0.02 
2.76 f 0.06 
2.80 f 0.04 
2.81 f 0.03 
2.82 i 0.03 
2.81 f 0.03 
2.62 f 0.02 
2.75 i 0.02 
2.76 f 0.03 
2.81 i 0.04 
2.84 f 0.03 
2.9 f 0.5 
2.92 f 0.07 
2.93 f 0.06 
2.97 i 0.05 
3.00 i 0.03 
3.05 f 0.03 
2.62 f 0.03 
2.82 f 0.03 
2.86 f 0.04 
2.90 f 0.05 
3.05 i 0.07 
3.14 i 0.08 
3.17 f 0.07 
3.26 f 0.07 
3.3 f 0.2 
3.6 f 0.2 
3.51 f 0.08 
2.63 f 0.02 
2.89 i 0.03 
2.95 f 0.04 
3.17 f 0.04 
3.27 f 0.04 
3.3 f 0.1 
3.3 f 0.1 
3.68 f 0.09 
3.8 f 0.1 
4.2 f 0.2 
4.7 f 0.4 

The lower bound values of the intrinsic viscosity are 
obtained according to a variational method, first de- 
signed by Fixman12 and fully described e1~ewhere.l~ 
These values are obtained as averages performed over 
a selected number of conformations randomly chosen 
from the whole Monte Carlo sample. (The calculations 
require one to compute a double sum of 3N x 3N terms 

0.40 8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
150 

0.45 8 
19 
25 
37 
49 
55 
64 
80 

100 
124 
151 

0.50 8 
19 
25 
37 
49 
55 
64 
80 

100 
124 

0.55 8 
19 
25 
37 
49 
55 
64 
80 

100 
124 

0.60 8 
19 
25 
37 
49 
55 
64 
80 

100 

5.61 f 0.04 
22.5 f 0.1 
34.5 f 0.2 
60.2 f 0.5 
88 f 1 

100 f 2 
118 f 1 
157 f 4 
187 f 5 
224 i 8 
272 f 4 

5.6 f 0.1 
21.8 f 0.1 
32.2 f 0.1 
54.4 f 0.2 
75 f 1 
83 f 2 
98 i 2 

122.5 f 0.5 
149.9 f 0.2 
184 f 3 
212 f 3 

5.42 f 0.01 
20.7 f 0.1 
30.4 f 0.1 
47.7 f 0.5 
64.4 f 0.5 
73.3 f 0.5 
83.3 f 0.1 

102.7 f 0.5 
128 f 3 
150 f 1 

5.30 i 0.04 
19.5 f 0.1 
27.8 f 0.1 
43.5 f 0.2 
56.4 f 0.5 
63.0 f 0.3 
72.0 i 0.4 
89 f 2 

105.1 f 0.1 
130 f 1 

5.25 f 0.02 
18.4 f 0.1 
25.47 f 0.04 
38.2 i 0.2 
50.6 f 0.5 
55.8 f 0.3 
64.2 f 0.4 
77.6 f 0.4 
91 f 2 

2.71 f 0.02 
2.92 f 0.03 
3.10 f 0.03 
3.33 i 0.05 
3.6 f 0.1 
3.7 f 0.1 
3.8 f 0.1 
4.3 f 0.2 
4.8 i 0.2 
4.9 i 0.3 
5.1 f 0.2 
2.77 f 0.05 
3.05 f 0.02 
3.25 f 0.02 
3.56 f 0.02 
3.87 i 0.05 
4.07 f 0.07 
4.24 f 0.07 
4.86 i 0.03 
5.48 f 0.02 
5.59 f 0.09 
5.22 f 0.08 
2.786 f 0.007 
3.14 f 0.02 
3.42 f 0.02 
3.90 f 0.04 
4.38 f 0.04 
4.45 f 0.03 
4.96 f 0.01 
5.59 i 0.03 
5.8 f 0.1 
5.92 i 0.03 
2.80 f 0.02 
3.23 f 0.02 
3.512 f 0.006 
4.36 i 0.02 
4.91 f 0.04 
4.68 f 0.03 
5.43 f 0.03 
5.8 f 0.1 
5.5 f 0.1 
6.13 f 0.05 
2.86 f 0.01 
3.38 f 0.02 
3.669 f 0.004 
4.58 f 0.03 
5.28 f 0.05 
5.21 i 0.03 
5.79 f 0.04 
5.59 f 0.03 
5.8 f 0.1 

formations for this purpose in each one of the indepen- 
dent batches. We introduce a parameter h*, which 
describes the strength of hydrodynamic interactions 
between units. For this parameter, we used the previ- 
ously employed value, h* = 0.25, consistent with the 
definition of nondraining Gaussian units.17 These lower 
bound averages represent an improvement with respect 

for-each conformation.) Usually, we employ 3000 con- to the values one can obtain using the standard preav- 
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Table 3. Squared Deviations A and Slope u of the Fit to 
Equation 2 of Fitted Dimensions for Different Values of 

dkBT (See Text) 
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Table 4. Values of Extrapolated to the Long Chain 
Limit, Together with Previous Numerical Estimations, 
and Results Obtained from Existing Experimental Data 

(See References 10 and 16) 

dkBT CD x dkBT CD 10-23 

~~~ 

dkgT A X lo3 U dkBT A x lo3 U 

0.230 4.4 0.512 0.240 1.2 0.500 
0.232 3.7 0.510 0.242 1.0 0.498 
0.234 3.0 0.508 0.244 1.2 0.495 
0.236 2.3 0.505 0.246 1.6 0.492 
0.238 1.7 0.503 

eraging of hydrodynamic interactions. Thus, previous 
results for Gaussian rings (i.e., without any consider- 
ation of intramolecular potential between units) show 
important differences (greater than 35%) between lower 
bound values and those obtained with the preaveraging 
approximation.13 However, the differences are only 
about 10-15% between upper bound and lower bound 
results. (The upper bounds can be obtained through an 
alternative, though less efficient, method, based on 
evaluating the viscosity of conformations as rigid-body 
assemb1ies;l’ it requires the inversion of a 3N x 3N 
diffusion matrix for each conformation.) The Monte 
Carlo lower bound results obtained with the present 
model and methods are shown in Table 2. 

@-Point Determination 
From the results for dimensions contained in Table 

1, we have performed an analysis to determine the 0 
point. This analysis has also been employed previously 
for data obtained with the same model of linear chains 
in two1* and threell dimensions. It is essentially a 
simplified version of the method used by Meirovitch and 
Lim for lattice chain  model^.^^,^^ After preliminary log- 
log linear fits to the scaling form 

for each value of dkBT we can make a rough assignment 
of the 0 region. According to  Meirovitch and Lim, the 
0 point should show the best correlation (flattest curve) 
in this type of fitting. However, we observe that 
correlation always decreases as dkBT increases when 
the shortest chains are included in the analysis. (A 
similar problem was found in the study of linear 
chaindl with the same model.) When we consider 
sufficiently long chains (apparently free of finite size 
effects), N = 80-150, we can delimit a low correlation 
range of values of dkBT. In order t o  established more 
precisely the @-point location, the data corresponding 
to different values of dkBT for a given chain length are 
fitted to a polynomial of the type 

In (s2> = a. + a, In(E/Iz,T) + ... + a,  In(c/IzBT)” (3) 

with n = 4 and 5. In this manner, we can obtain fitted 
dimensions for any temperature. After these fittings 
are carried out for all the different chain lengths, we 
divide the 0 region in intervals of width A(dkBT) = 0.01, 
and employing the fitted dimensions obtained for the 
center of each interval and different chain lengths, we 
perform again the log-log linear fit to eq 2, obtaining 
correlations, squared deviations, and values of u as a 
function of dkBT. As we previously stated, the 0 point 
is associated with the highest correlation (lower devia- 
tion). 

The results for the deviations and the exponents u at  
the intervals closest to  the 0 point are given in Table 
3. From these results, we finally estimate the values 

6.9 =k 0.1 0.10 2.60 f 0.03 0.45 
0.15 2.74 f 0.02 Gaussian chain,” 5.23 

0.20 2.83 f 0.07 previous simulations 
0.25 3.18 f 0.09 0 regionb 3.8 f 0.2 
0.30 3.8 ic 0.2 Excluded VolumeC 2.8 
0.35 5.0 f 0.4 exptl data 
0.40 6.0 f 0.5 0 solvent 4.1,d 4.2e 

preaveraged theory 

a Reference 21. Reference 10 (upper bound). Reference 16 
(upper bound). Reference 4. e Reference 5. 

(€/kBT)@ = 0.242 i 0.002 and u g  = 0.498 f 0.001. It 
should be noticed that these results are pratically 
identical to those obtained for linear chains.ll This 
seems to confirm that the 0 points for linear and ring 
chains are the same, even though the temperatures for 
which intermolecular second virial coefficients vanish 
are different.2-6 We should also remark that the 
exponent ug  obtained through this method coincides 
with the one predicted by the mean-field theory (Le., 
the well-known result for unperturbed Gaussian chains, 
U@ = ‘12). 

The reduced intrinsic viscosity values can also be 
analyzed in terms of the scaling law 

where u, has to be 3/2 for nondraining chains in the 0 
point. (M is the chain molecular weight.) As in the case 
of linear chains,ll however, we observe N-dependent u,, 
exponents, due to finite size effects, apparently more 
important for this conformational property. Also, we 
have investigated the parameter 

(D = [ v ] * M ~ ~ / ~ ~ ’ ~ ( S ~ ) ~ ’ ~  ( 5 )  

which should depend weakly on the molecular weight. 
The values of (D obtained from our dimension and 
viscosity simulation values for different chain lengths 
and fixed dkBT have been included in log-log extrapo- 
lations vs N-l, in order to estimate long chain limits 
for this parameter. These extrapolated values are 
included in Table 4, together with some previous nu- 
merical estimations and experimental data. A fitted 
interpolation of these values to the 0 point yields (D = 
(3.16 f 0.08) x loz3. This value is about 20% lower than 
the previous upper limit resu1t,lo obtained from calcula- 
tions on shorter chains, using a preliminary estimation 
of the 0 point, dkBT c- 0.3. The experimental results4,,- 
are also similarly higher than our value, though con- 
siderably smaller than the result obtained by the 
preaveraged theory.21 

Transition Curves 
Plots of dimensions vs reduced temperature for dif- 

ferent values of N are presented in Figure 2. This way, 
we can clearly observe the transition from the excluded- 
volume regime (where the rings are expanded with 
respect to the 0 point dimensions) to the collapse 
regime. Obviously, the transition is less sharp than in 
the case of linear chains, which have significantly higher 
sizes in the 0 and excluded-volume regimes, and a 
similar collapsed form. According to the standard 
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4 0  8 3  12 0 i c  

kgT I E 

Figure 2. a2 vs h ~ T / c  (reduced temperature) for different 
chain lengths: (*) N = 80, (0) N = 100, (0) N = 124, (Q) N = 
150. 

2 4  F 
I 

0 

\ -0 333 

t I 
2 - L d P  
-30 - 2 c  -'0 9 0  1 0  2 3  3 0  4 0  

log ( "k)  

Figure 3. log-log plot of the expansion coefficient for the 
mean radius of gyration vs the absolute value of the scaling 
variable, defined by eq 6 with Qt = ' / z .  Numerical values for 
the plotted slopes correspond to the excluded-volume and 
collapsed regime limits, according to the values of ug and u 
defined in text. Notation for chain lengths as in Figure 2. 

scaling theory, these transitions can be described in the 
form of a universal curve for the expansion factor22 

where 

and @t = l/2 for three-dimensional chains. Figure 3 
contains a logarithmic scaling plot, which includes our 
results for different chain lengths and temperatures. 
The dimensions at the 0 point are interpolated from 
the fits described by eq 3. We also include the Figure 
3 the expected slopes for the collapse (u  = l/3) and the 
excluded-volume (u = 0.588) limits. It can be observed 
that the chain-length variation for every temperature 
is in good agreement with theory for the data near each 
asymptotic regime. Moreover, there is a clear tendency 
of the different points to converge into a single universal 
curve as these limits are approached. Similar features 
were also observed for linear chains.ll In Figure 4, we 
include the scaling plots for the viscosity data (defining 

' 3 4 1  

I -3 33% 

&- - 1 0  3 \ 0 0  1 0  20 3 0  4 3  

log (N'''X ) 

Figure 4. As in Figure 3, but for the viscosity expansion factor 
a,. 

a viscosity expansion factor aq3 = [vI/[vlo). The curves 
also tend clearly to the expected limits, though finite 
size effects are more apparent for this property. 

The parameter @ values, obtained for the excluded- 
volume and collapse regimes, deserve also some atten- 
tion. For the excluded-volume regime, dkBT = 0.1, we 
find from the long chain extrapolations shown in Table 
4 that @ = (2.60 f 0.03) x This result is close t o  
(only about 10% smaller) the previous upper bound 
extrapolation16 (obtained with shorter chains). It is also 
interesting to estimate the ratio between the parameter 
values obtained in the excluded-volume regime and the 
0 point. We get ( P E v / @ ~  = 0.82 f 0.04, practically 
identical to the upper bound estimation,16 close to our 
previous estimation for the linear chainll @EV/@O = 0.76 
& 0.05, and smaller than the approximate theoretical 
estimation for linear chains23 @EV/@.O 1: 0.88. For the 
collapse regime, we find much higher values of @, as 
the chain tends to be a compact structure. For a rigid 
sphere @ = 9.23 x The approach of the rings to 
this limit is faster than in the case of linear chains, since 
the ring constraints favor compact conformations. 

Extrapolated Ratios 
The ratio 

between the ring dimensions and those of a linear chain 
of the same length (or molecular weight) can be evalu- 
ated from the present calculations and our previous 
results for linear chains.ll (In some cases, the latter 
results for linear chains1' have been used in interpola- 
tions to the required value of N.) The ratios for the 0 
and excluded-volume regimes are extrapolated t o  the 
long chain limit (through linear regressions vs W1), 
and, then, they can be directly compared with experi- 
mental data. For the 0 point dimensions of both ring 
and linear chains, we use the fitted dimensions corre- 
sponding to dkBT = 0.242. The results for (S2)e/N are 
appreciably larger than the value l/12 for Gaussian rings, 
due to the repulsive effects of three-body interactions. 
These differences with respect to the ideal chain have 
also been found in many other simulations for models 
including an intramolecular potential with an attractive 
term and are obviously larger for structures with a 
higher density of units (i.e., for starsg or  ringslo in 
comparison with linear  chain^^,^^). A summary of the 
values for ratios qs and qn can be found in Table 5. For 
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Table 5. Ratios qs and q7, Extrapolated to the Long 
Chain Limit, Together with Previous Numerical 

Estimations and Experimental Data 

4 8  47 
0 region 0.521 f 0.002 0.57 f 0.01 
excluded-volume region 0.54 f 0.01 0.58 f 0.01 
Gaussian chain 0.5 0.66" 
previous simulations 
0 region* 0.57 0.60 
excluded volumeC 0.53 0.59 

0 solvents 0.53d 0.59,d 0.62: 

good solvents 0.52: 0.53: 0.56: 0.66; 0.72L 
0.55h 

exptl data 

0.66,f 0.6& 

renormalization 0.5& 0.56k 
group theory 
(good solvents) 

simulations 
(good solvents) 

Preaveraged hydrodynamic interactions. Reference 10. Ref- 
erence 16. Reference 4. e Reference 27. f Reference 28. g Reference 
5. Reference 24. Reference 29. J Reference 25. Reference 29. 
Reference 26 ( N  = 64). For further details on the estimation of 

the experimental ratios, see ref 10 (0 solvents) and ref 16 (good 
solvents). 

Brownian dynamics 0.569 i 0.036l 
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experimental data are extended over a wide range of 
values. Some of them4$27 are about 0.60, but some 
 other^^,^^ are closer to 0.66, the theoretical result 
obtained by applying the approximate preaverage of 
hydrodynamic interactions to an unperturbed Gaussian 
chain. A wide dispersion of experimental data is also 
found for the excluded-volume regime.4,27,29 In this case 
we have found qs = 0.58, in agreement with the previous 
simulationslO but slightly smaller than some of these 
experimental values. This result is also in agreement 
with first-order calculations based on the renormaliza- 
tion group theory.30 

The two-parameter t h e ~ r y ~ ~ ~ l  for rings yields32 a2- 
(ring) = 1 + (n/2)z + ... in terms of the excluded-volume 
parameter z .  This can be compared with the result a2- 
(linear) = 1 + (134/105)z + .... Incorporating the 
different first-order coefficients, C,, in z to the modified 
Flory equation for the excluded volume,31 a5 - a3 = Cz, 
one gets q$q,(Gaussian chain) = 1.232'5, in the limit of 
large excluded-volume effects. This approach leads to 
q, = 0.54, consistent with our Monte Carlo results. For 
the viscosity, the perturbation result2a1 is aV3(ring)/aq3- 
(linear) = 1 + 0.042 + ..., which indicates a small and 
positive z-dependence. This is consistent the compari- 
son of our Monte Carlo values of q,, for the 0 and 
excluded-volume regions (both obtained with the same 
treatment of hydrodynamic interactions). Different 
approaches to large values of z with the same two- 
parameter theory2,21,31,33 do not agree in providing a 
reliable value for q,,. 

Concluding Remarks 
We have determined the 0 point for an off-lattice 

model of isolated ring chains, using a criterion based 
in the highest correlation (flatest curve) for the fit of 
dimension data to eq 2. The value for this point is 
almost identical to that found for linear chains, inves- 
tigated through the same model and method. We have 
performed transition and scaling plots, showing a good 
convergence of the data to  the asymptotic excluded- 
volume and collapse universal regimes. Moreover, we 
have determined lower values of the intrinsic viscosity. 
These data show more significant finite size effects than 
the dimension results. However, the scaling plot for this 
property shows also a clear approach to  the asymptotic 
limits. The ratios between dimensions (or viscosities) 
corresponding to  a ring and a homologous linear chain 
in the 0 and excluded volume have been extrapolated 
to the long chain limit. Except in the case of ratio q, at  
the 0 point, these ratios confirm previous results 
obtained with shorter chains, with a considerably dif- 
ferent preliminary 0 point value (and corresponding to 
upper bound estimations of the intrinsic viscosity). 
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